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Let D be a transtation Bruck net of order s and degree r, with translation group 
G, and let s= 9, -. -4. be the prime power factorization of s. We prove that 
r<min{y,+ 1: i= 1, . . . . n}; moreover, equality can be realized provided that G is 
the direct sum of elementary abelian groups. Similar results are obtained for trans- 
lation (s, r; n)-nets and, more generally, for groups with large systems of large sub- 
groups. As a corollary, we considerably strengthen a known result on symmetric 
translation nets by showing that any translation (s, SAC; [()-net has parameters of the 
form s-p’, n =p’ for some prime p and also necessarily has elementary abelian 
translation group. i‘; 1989 Academic Press. Inc 
1. INTRODUCTIVE 
In this paper we shall be concerned with the existence question for trans- 
lation nets (or, equivalently, with a combinatorial question in finite group 
theory). Let us first recall some basic definitions and results. (The reader is 
referred to Beth, Jungnickel, and Lenz [ 11 for more details on nets.) 
1.1. DEFINITION. An (s, r; ,u)-net is an incidence structure D consisting 
of s*p points and of r parallel classes of s blocks of size sp each, such that 
the following hold: 
Each parallel class is a partition of the point set. (1) 
Any two non-parallel blocks intersect in p points. (2) 
In case p = 1, we also call D a Bruck net of order s and degree r. (Such 
structures were studied in detail by Bruck [2,3]. The general case of an 
arbitrary index p was introduced by Drake and Jungnickel [4], but is 
equivalent to objects studied for a long time, i.e., orthogonal arrays, afftne 
l-designs, and transversal designs.) The following lemma is well known 
(see [l, KM]): 
288 
0021~8693/89 $3.00 
Copyright S:i.“ 1989 by Academic Press. Inc. 
All rfghts ol reproduclmn III any form reserved. 
TRANSLATION NETS 289 
1.2. LEMMA. Let D be an (s, r; p)-net. Then r 6 (s*p - 1 )/(s- 1) with 
equality if and only if D is an (ufjine) 2-design (i.e., iff any two points qf D 
are on A = (sp - 1 )/(s - 1) blocks). 
This bound can be strengthened if s - 1 does not divide p - 1, see 
[ 1, X.6.51. In the present paper we will only be interested in nets with a 
particularly nice type of automorphism group: 
1.3. DEFINITION. A net D is called a translation net with translation 
group G if G acts as a point-regular collineation group of D fixing each 
parallel class. 
1.4. DEFINITION. Let G be a group of order s*p. A partial congruence 
partition of order s, degree r, and index p in G (for short, an (s, r; p)-pep) is 
a collection of r subgroups U,, . . . . U, of order sp of G satisfying 
or equivalently, 
I u; f-l U,l = P for i#j, (3) 
U, U, = G for i#j. (3’) 
(We use multiplicative notation for groups.) 
Translation nets and pep’s have been studied by Sprague [ 131, Frohardt 
[5], and the present author [7, 8, lo]; they turn out to be the same, 
basically: 
1.5. LEMMA. Let U be an (s, r; p)-pep in G and dqfine an incidence 
structure D = D(U) as follows: 
D=(G, {Ux: UEU,XEG},E). 
Then D is a translation (s, r; vu-net with translation group G. Conversely, 
every translation net may be represented in this way. 
For the (simple) proof, see [7; or 1, X.9.41. Thus the existence question 
for translation nets is equivalent to a combinatorial question in group 
theory. In the present paper, we shall be interested in groups admitting 
pep’s of large size. Our main result in case p= 1 is the following theorem 
conjectured in [7, p. 195; 9, 5.2.121: 
1.3. THEOREM. Let G be a group of order s* admitting an (s, r)-pep, and 
let s = q, . . . q,, be the canonical prime power ,factorization of s. Then 
r<min{q,+ 1: i= 1, . . . . n}; (4) 
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moreover, equality can be achieved in (4) provided that G is the direct 
product of elementary abelian groups. 
The proof of this result (which was previously known in the nilpotent 
case only) will be given in Section 3, after two basic lemmas have been 
proved in Section 2. In Section 4, we will generalize 1.6 to the (technically a 
little more involved) case of (s, r; p))-pep’s; as an application, we shall prove 
the following result which considerably strengthens results of [7; S] on 
complete and symmetric translation nets, respectively: 
1.7. THEOREM. Let D be a translation (s, r; p)-net, where r 3 sp. Then s 
and u are powers of a prime p, and the translation group G of D is elemen- 
tary abelian. 
All these results rest on the basic lemmas in Section 2 combined with 
non-existence results obtained in the predecessor [7] of the present paper 
with the help of “generalized” pcp’s. In Section 5, we shall return to this 
point of view by generalizing our results to groups with large systems of 
large subgroups. 
2. Two BASIC LEMMAS 
All results of this paper rest on the following two simple but fundamental 
lemmas. The first one generalizes Lemma 2.2 of Sprague [ 131, and the 
second one has been inspired by an argument of Frohardt [S]. 
2.1. LEMMA. Let G be any finite group and let U and V be subgroups of 
G with UV = G. Then one has 
JUn VI= IURn Vhl for all g, h E G. 
Proof It is clearly suffices to consider the case h = 1. By assumption, we 
may write g as g = uv, with u E U and v E V. Then we obtain 
IUn VI = [(Un V)“I = IU"n VI = lUgn VI. 1 
2.2. COROLLARY. If U,, . . . . Ii, form an (s, r; u)-pep in G, then the same 
holds for 
for arbitrary g, , . . . . g, E G. 
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2.3. LEMMA. Assume the existence of an (s, r; p)-pep in G, and let P be a 
Sylow p-subgroup of G for some prime p dividing s. Then there also exists an 
(p”, r; p’)-pep in P, where p“ 11 s and ph 11 -1. (We write p’ 11 n if p-” ( n but 
P *+’ In.) 
Proof, With a and b as above, P is a group of order pZafb. Now let 
u 1, ***, U, be an (s, r; ,u)-pep in G and choose a Sylow p-subgroup Pi of Ui 
for i= 1, . . . . r. Then Pi is a subgroup of order p”+b. By the Sylow theorems, 
each P, is contained in a Sylow p-subgroup Pi of G, and for some gi E G we 
have (Pi)gi - P. By Corollary 2.2, we may replace each Iii by iYJi := U,g, to 
obtain another (s, r; y)-pep U;, . . . . [ii. Now put Vi := UI! n P and note that 
Vi has order pa + ’ for each i. By (3’) we clearly get Y, v, = P for i #j; hence 
V 1, .*.a Vr is the desired (p”, r; pb)-pep in P. 1 
Note that Sprague [13] has 2.3 for Bruck nets under the additional 
assumption that P is a normal subgroup of G. Removing this assumption is 
the crucial step that enables us now to apply the results of [7] to general 
groups instead of nilpotent groups only. 
3. TRANSLATION BRUCK NETS 
The following result gives the largest possible size of a pep of index I and 
order s. It was conjectured in [7, p. 1951 and (explicitly) in Vermutu~g 
5.2.12 of [9]: 
3.1. THEOREM. Let G be any group of order s2, and let s = q1 . . . q,, be the 
canonical prime power factorization of s. Then one has 
r<min(qi-t-l:i=l,...,n); (4) 
moreover, equality can be realized if G is the direct product of elementary 
abelian groups of orders ql, . . . . qn. 
Proof. Let P be any Syiow p-subgroup of G, say with p” Ij s. Then we 
also obtain a (p”, r; I)-pep in P, by Lemma 2.3. But such a pep has at most 
p” + 1 components. (This follows from 1.2, or by an easy counting 
argument.) Letting p run over all prime divisors of s yields (4). If G is the 
direct product of elementary abelian groups, we can have equality in (4) by 
[4, 8.91 (or see [7, 3.31 j. fl 
We shal sketch the constructive part just referred to, since we shall want 
to use a similar argument anyway. First note the following obvious result: 
3.2. LEMMA. The existence of (s, r; I()- and (s’, r; p’)-pep’s in groups G 
and H, respectively, implies the existence of an (ss’, r; p$)-pep in G x H. 
481;122:2-3 
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Proof: Take the direct products of corresponding components. 1 
Now all l-dimensional subspaces of the vector space GF(q)’ (q any 
prime power) form a (q, q + 1; 1)-pep. If r = min{q, + 1: i= 1, . . . . IZ} in (4), 
we thus have (qi, r; 1)-pep’s in EA(qy), and applying 3.2 recursively we get 
the desired (s, r; 1)-pep in EA(qf) x ... x EA(qi). The same kind of con- 
struction may be used to show that equality in (4) may also occur in other 
groups. To this end, let again r = min(q,+ 1: i= 1, .,., n} an assume that 
qn = p2 for some prime p satisfying r 6 p + 1. By Example 4.13(c) in [7], 
there exists a ( p2, p + 1; 1 )-pep in the metacyclic group H of order p4; using 
this pep in the recursive construction just sketched, we get an (s, r; I)-pep 
in EA(q:)x ... xEA(qi-,)x H. 
It is clear that variations of this example will show that it is in general 
practically impossible to describe the structure of those groups of order s2 
which allow equality in (4). However, we have seen that we obtain a 
(qi, r; 1)-pep in each Sylow p,-subgroup of G (where qi is a power of the 
prime p,). The following result shows that the Sylow pi-group is elementary 
abelian if r is large enough: 
3.3. THEOREM (Jungnickel [7, 4.111). Assume the existence of a 
(pU,r;pb)-pep in P (p aprime). Ifr>p”+’ ‘+ ... +p2+p+1, then P is 
elementary abelian. 
Thus, if we have equality in (4) and if all qi are comparatively close to 
each other, then each Sylow subgroup of G is elementary abelian. This 
holds, e.g., for s = 335272. The question remains, however, if in such cases G 
necessarily is the direct product of its Sylow subgroups. 
We shall now derive a few consequences of Theorem 3.1. We first note 
the following strengthening of Theorem 5.5 in [7]: 
3.4. THEOREM. Let G be a group of order s2 admitting an (s, r; 1)-pep 
where r 2 L;‘Jj + 2. Then G is a p-group; moreover, if G is abelian, it is 
elementary abelian. (Here Lx _I denotes the integer part of x.) 
Proof Assume that G is not a p-group; then s = ab with (a, 6) = 1 and 
a, b # 1. Now at least one of a, b is < &, say a. Let p be a prime dividing 
a, say pi /( a. By 2.3, we get a (p’, r; 1)-pep and thus r <p’+ 1 < L,,&J + 1, 
a contradiction. Thus G is a p-group. If G is abelian, then it is elementary 
abelian by [7, 5.41. [ 
Let p be the smallest prime divisor of s, and assume the existence of an 
(s, r; l)-pep in G. In [7, 5.61 we proved that G is elementary abelian 
provided that r B L(2s - 2)/(p + 1) J + 3. We shall now improve this bound 
for p # 2. 
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3.5. THEOREM. Let G be a group of order s2 admitting an (s, r; I)-pep. 
Then G is elementary abelian, if r >, s(p - 1 ), where p is the smallest prime 
dividing s. 
Proof: We first claim that G is a p-group. Assume the contrary; then 
s/(p - 1) < r < ,,& + 1 by 3.4. In particular, p # 2. Then we may write 
s = pm, where m > p + 2. Thus we have 
and therefore m- 1 c,/‘&& hence m2 < (p+2)m- 1 dm2- 1, a contra- 
diction. Thus G is a p-group and s = p”, say. By hypothesis, 
r>s/(p-l)>(p”-l)/(p-l)=p”-‘+ ... +p+l; 
thus G is elementary abelian by 3.3. 1 
We shall close this section with a discussion of the quality of the bounds 
given First of all, r may clearly be equal to L&J + 1 in 3.4 wthout G 
being a p-group. For instance, let p and p +2 be twin primes and put 
s = p(p + 2). Then L,J% J + 1 = p + 1, and there exists an (s, p + 1; 1 )-pep 
in EA(p2) x EA((p+ 2)‘) by 3.1. 
Regarding the second assertion of 3.4, we mention that one can have 
r=J s + 1 in an abelian (but not elementary abelian) group. For instance, 
there is a (p2, p + 1; I)-pep in the direct product of two cyclic groups of 
order p’, see [7, 5.73. (In fact, one can construct more generally a 
(p2”, p” + 1; 1 )-pep in the direct product of 2n cyclic groups of order p2. 
This will be contained in a forthcoming note, since the construction used 
would be too much of a digression in the present context.) 
We next observe that the bound in 3.5 is likewise best possible. We may 
again use a (p2, p + 1; I)-pep in either the metacylic group of order p4 or 
the direct product of two cyclic groups of order p2 (see [7,4.13(c) and 
5.71). Then r = p + I = is/( p - 1)_1, and thus 3.5 cannot be improved. 
The quality of the bound in Theorem 3.3 is not quite as clear. The 
previous examples show that 3.3 is sharp for a = 2. Nothing comparable is 
known for any a 3 3, though. In fact, in case p = 2 and a> 3 one has 
r<2’-’ unless G is elementary abelian, by the result of Frohardt [S]. 
Moreover, this inequality is strict for a > 4. (For a = 3, there is an (8, 4;1)- 
pep in a nonabelian group of order 64, due to Sprague [13].) It would be 
of some interest to find series of non-abelian p-groups admitting large pep’s 
and also to improve the bound given in 3.3 for p # 2. 
We finally remark that 3.1 shows that the MacNeish bound [ 1 l] for 
Latin squares (see also [l, 1.771) is sharp for those sets of mutually 
orthogonal Latin squares that belong to translation nets. A detailed study 
of (s, r; I)-pep’s for large values of r may be found in [IO]. 
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4. TRANSLATION (s,r;p)-NETS 
We now consider translation (s, r; p)-nets for arbitrary values of p. 
Lemma 2.3 shows how to obtain a translation net of the same degree in 
any Sylow p-subgroup of G, whenever p divides s. Note that nothing 
interesting can be obtained by the method of Lemma 2.3 for those primes p 
that divide p but not s. This is not surprising, since we may always form 
the direct product of all components of an fs, r; p)-pep in a group G with a 
group H of order $ to obtain an (s, r; p,u’)-pep in G x H. Thus we will 
assume w.1.o.g. in this section that each prime divisor of p also divides s. 
Let us denote by T(p”,ph) (resp. by EA(p”, ph)) the largest degree r of an 
(p”, r; ph)-pep in any group of order p2’+ h (resp. in EA(p’” + h)). A simple 
construction shows that EA(p”, p”) >p”+ *, see [7, 3.5). (We shall discuss 
the value of this function below in more detail.) Combining this with 3.3, 
we see that T(p”, p”) = EA(p”, p”) and that this value is achieved only in 
the elementary abelian group of order p2’ + “. Arguing as in the proof of 
Theorem 3.1, one now obtains the following result. 
4.1. THEOREM. Let s =py’...p? he the canonical prime power ,fac- 
torization of the positive integer s, and let p = p:i . . .p? be any non-negative 
integer. Then any (s, r; p)-pep satisfies 
r < min{ EA(pT, pp): i= 1, . . . . n}; (5) 
equa~i~~~ can be achieved in (5) in the direct product of elementary abelian 
groups of orders py + ‘, (i = 1, . . . . n). 
Unfortunately, Theorem 4.1 does not yet yield the exact bound for ail 
pairs (s, p), as the determination of EA(p”, ph) is as yet incomplete. We 
summarize the present state of affairs (see [7 1): 
4.2. Results. One has 
EA(q,qd)=qd+‘+ ... +q2+q+ 1 for q=p”; (6) 
EA(p’, p~)~p~U+‘)‘+~+pu’+~+ 1.. +p’+b+ 1, 
where j=ai+b with O<b<i; (7) 
EA(p’,pi)~p(“+“‘+h+pU’+h+ . +Pi+h+pb-L@J-l, 
where j=ai$h with O<b<i and where 
2$=(1+4p”(p”-p~))“2-(2p’-2pb- 1). (8) 
EA(pi, prri+l)=p(~~+l)i+~ +pui+$ + ._. +pi+l + 1 for i>2. (9) 
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Now let G be any group which might occur as the translation group of 
an (s, r; p)-net where each prime divisor of p also divides S. This amounts 
to saying that each prime p deviding IGl in fact satisfies p* divides IGI. 
Geometrically it is more natural to consider small values of p, so one 
would be most interested in writing IGI =s*p, where p is square-free. In 
other words, one chooses hi to be 0 or 1 in Theorem 4.1. Then we can com- 
pute the bound (5) exactly, since the results in 4.2 contain the following 
facts: 
EA(p”, 1) =pU + 1, WP, P)=P*+P+ 1, 
EA(p”, p) =p”+ ’ + 1 (032). (10) 
Algebraically speaking, it may be more interesting to make ,U as large as 
possible, see Section 5. We shall now derive an interesting consequence of 
Lemma 3.3 for large (s, r; p)-pcp’s. 
4.3. THEOREM. Let G he u group of order s*u and assume the existence qf 
an (s, r; u)-pep with r 3 su in G. Then s and u are powers of a prime p and G 
is elementary ahelian. 
Proof Let p be a prime dividing s, say pU /I s and ph (I p. Assume that G 
is not a p-group. Then we can write sp =pUthc with c > 2. By 2.3, we 
obtain an (p”, r; ph)-pep; then by 1.2, 
sp < r d ( p*” + ’ - 1 )/( p” - 1 ), 
and therefore 2pUt ‘(p’ - 1) < p“‘+ h which easily gives a contradiction. 
Thus G is a p-group and s = p”, u = ph. Since r 3 sp = p”+ h, G has to be 
elementary abelian by 3.3. 1 
4.4. COROLLARY. Let D he a tranlation (s, r; u)-net, where r 3 su. Then s 
and u are powers of a prime p, and the translation group of D is elementary 
abelian. 
Corollary 4.4 contains two particularly interesting special cases. We first 
consider complete translation nets, i.e., nets meeting the bound in 
Lemma 1.2 (i.e., translation affine designs). 
4.5. THEOREM (Jungnickel [7, 6.11). A complete (s, r; u)-translation net 
(so r = (s*u - l)/(s- 1)) with translation group G exists if and only (f the 
following conditions hold 
s is a prime power, p is a power of s, and 
G is elementary abelian. (11) 
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Proo$ By 4.4, s and I( are powers of a prime p and G is elementary 
abelian. Then the fact that r is an integer forces p to be a power of s. Such 
complete translation nets always exist, as is seen from the affine spaces 
(using hyperplanes as blocks). 1 
One calls an (s, s,u; p)-net D symmetric if its dual structure DT is likewise 
an (s, sp; CL)-net (see, e.g., [l, 1.7.71). Here one has the following result. 
4.6. THEOREM (Jungnickel [8] ). A symmetric (s, sp; p)-translation net 
wi&h translation group G exists if and only if the fallowing co~difjon~ Gove 
s and p are powers of a prime p and G is elementary abelian. (12) 
Prooj The necessity of (12) is given by 4.4. The construction of such 
nets may be found in [7, 3.51. # 
Note that the original proofs of 4.5 and 4.6 are immensely more 
involved, since they rely (in case of 4.5 via a result of Schulz [ 111) on the 
classification of finite groups with a partition. As we see now, both results 
do in fact require only elementary group theory. (It should be noted that 
an elementary proof had been given previously by Hine and Mavron [4]; 
their argument is geometric but much longer.) Moreover, both results are 
just easy consequences of the much stronger result 4.4. 
By using more detailed estimates, the bound in 4.3 could be further 
strengthened. We shall omit this, though. 
5. GROUPS WITH LARGE SYSTEMSOF LARGE SUBGROUPS 
In this final section we shall consider a generalization of the previous 
questions which is natural from an algebraic point of view (though not 
interesting geometrically). The proof of Theorem 3.3 given in [7] is induc- 
tive and in fact uses “generalized” pep’s; these were defined for p-groups 
only. We give a more general definition here: 
5.1. DEFINITION. Let G be any finite group, and let U,, . . . . U, be proper 
subgroups. We call f U, , . . . . U,) a system of large ~~bgro~~~ of G if no Ui 
contains a Sylow subgroup of G and if 
UiUj=G for i#itj. (13) 
The condition that no Ui should contain a Sylow subgroup serves to 
avoid trivial constructions by taking U,‘s which all intersect in a Sylow sub- 
group; this is similar to the restriction on p in the previous section. Using 
this condition, we obtain in analogy to Lemma 2.3 the following result: 
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5.2. LEMMA. Let {U,, . . . . U,} b e a system of large subgroups of the 
group G, and let P be a Sylow p-subgroup of G. Then there also exists a 
system of r large subgroups qf P. 
Then one obtains the following analogue of 3.1 and 4.1: 
5.3. THEOREM. Let G be a group of order s and let s =p’;’ ...pz be the 
canonical prime power ,factorization of s. Assume that a, > 2 for i = 1, . . . . n. 
Then any system of r large subgroups of G satisfies 
rdmin{p;l ’ + ... +p’+p+ 1: i= 1, . . . . n}; (14) 
moreover, equality can be realized if G is the direct product of elementary 
abelian groups qf orders pi (i = 1, . . . . n). 
Prooof By 5.2, we obtain a system of large subgroups in each Sylow 
group of G. But if P is a p-group of order p’, then the largest system of 
large subgroups is the collection of all maximal subgroups of P; it is not 
difficult to see that there are at most pup ’ + ... +p + 1 maximal subgroups 
(see [7,4.5]). This gives the bound in (14); for the construction part, use a 
direct product argument. 1 
In fact, the number of maximal subgroups of a group P of order pU is 
P ’ ’ ’ + . . . + p + 1, where p” is the order of the Frattini group of P. This 
is implicit in the proof of [7,4.5]. This allows one to observe that all 
Sylow subgroups of G have to be elementary abelian if r attains the bound 
in (14) and if the p: are sufficiently close to each other (similar to the 
remarks following 3.3). 
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